In this paper, we present a fractional extension of the classical circle Zernike polynomials defined via g-Jacobi functions. Some properties of this new class of functions are studied, such as recurrence relations for consecutive and distant neighborhoods, and differential relations. A graphic representation for the proposed fractional circle Zernike polynomials will be presented in the final section of the paper.
Introduction
The cornea is the major refracting component of the human eye, contributing approximately two thirds of the eye optical power. There are many types of mathematical models for corneal topography. The most common and simple models are based on conic sections [5] , or on generalized conic functions [11] . Currently, the Zernike polynomials are the standard functions for the description of the wave front aberrations of the human eye and have been also used in the modeling of cornea surfaces [4] .
The aim of this paper is to introduce the so-called fractional circle Zernike polynomials and study some of their properties. The outline of the paper reads as follows: In Section 2, we recall some basic notions about circle Zernike polynomials, fractional calculus and g-Jacobi functions. Then, we introduce the fractional circle Zernike polynomials and the explicit formulas for these new polynomials will be present, as well as the study of the existence of a continuous orthogonality relation will be done. Moreover, we present some recurrence relations for consecutive and distant neighborhoods, and we study the differential properties of these fractional polynomials. In the last section, we present a graphical representation for some fractional circle Zernike polynomials.
Preliminaries
We start recalling some basic facts about circle Zernike polynomials which are studied in several references, see for instance [3] . The odd and even Zernike polynomials are given by (see [8] ) where θ is the azimuthal angle with 0 ≤ θ ≤ 2π, ρ is the radial distance with 0 ≤ ρ ≤ 1, and the radial function R m n (ρ) is defined for n, m ∈ N 0 , with m ≤ n by
When n − m is even, the radial functions R m n (ρ) can be written in terms of the Jacobi polynomial P
Now we recall the definitions of Riemann-Liouville fractional integral and fractional derivative in the sense of Riemann-Liouville (see [7, 10] ).
is called the Riemann-Liouville fractional integral of the function f (t) of order ν ∈ C with Re(ν) > 0. 
(if it exists) where m − µ > 0. Now, we pass to the definition and basic properties of the g-Jacobi functions introduced and studied in [6] . These functions will play a key role in the definition of the fractional Zernike polynomials, and it correspond to a generalization for the fractional case of the classical Jacobi polynomials.
Definition 2.3
We define the (generalized or) g-Jacobi functions by the formula
where ν ∈ R + , α > −1, β > −1 and D ν is the Riemann-Liouville fractional differential operator (1).
In the following results we recall some properties of the g-Jacobi functions (see [6] ), which are analogous to the corresponding properties of the classical Jacobi polynomials. In the first two results we give the corresponding explicit formulas for these functions.
Theorem 2.4 (Explicit formula) For the g-Jacobi functions holds the explicit formula
where
is the binomial coefficient with real arguments. Theorem 2.5 (Explicit formula) The g-Jacobian functions can be represented as
where 2 F 1 (a, b; c; t) is the Gauss hypergeometric function.
In the following results we will present the most basic properties of the g-Jacobi functions.
Theorem 2.6 (Differential equation)
The g-Jacobi functions satisfy the linear homogeneous differential equation of second order
Theorem 2.7 The g-Jacobi functions satisfy the following properties (with n ∈ N):
Fractional circle Zernike polynomials
The aim of this section is to introduce the so-called fractional circle Zernike polynomials and study some of their main properties. Taking into account the definition of g-Jacobi functions presented previously and the ideas presented in [3] , we introduce the definition for the fractional circle Zernike polynomials.
Definition 3.1 We define the fractional circle Zernike polynomials by
where m ∈ N 0 , ν ∈ R + , ν > m, 0 ≤ ρ ≤ 1 is the radial distance, 0 ≤ θ ≤ 2π is the azimuthal angle, and [β] represents the integer part of β. The fractional radial function R m ν (ρ) will be defined as
where P (α,β) ν (x) are the g-Jacobi functions defined in (1).
Taking into account the properties of the g-Jacobi functions introduced in [6] , we derive the following results. 
.
Proof: The result is obtained by straightforward calculations based on the substitution of (4) into the explicit formulas (2), (3), respectively. Now, we present some recurrence relations for R m ν (ρ). We will split our relations in two results. The first one refers to the recurrence relations for the consecutive neighborhoods, and the second for distant neighborhoods. 
Proof: The proof of the recurrence relations takes into account the recurrence relations presented in [1]-Chapter 22 and [9]-Appendix II.11 for the classical Jacobi polynomials, the definition of g-Jacobi functions presented in the Preliminaries, and relation (4). Here we only present the proof for the first relation since the others are similar. From relation (22.7.18) in [1] we have
for m ∈ N 0 , ν ∈ R + with ν > m, and 0 ≤ ρ ≤ 1. On the other hand, from relation (4) we get
Combining (5) and (6) we obtain
which is equivalent to the first relation.
Theorem 3.4
For N ∈ N, the radial function R m ν (ρ) verifies the following recurrence relations for distant neighborhoods:
where C N and C N −1 depend on the parameters ν, m and ρ, and are such that
;
where D N and D N −1 depend on the parameters ν, m and ρ, and are such that
The proof will be omitted since it follows the same ideas used in the proof of the previous theorem. Finally, we introduce some differential properties of the fractional circle Zernike polynomials Z ±m ν (ρ, θ). 
Proof: From relation (22.8.1) in [1] we have
On the other hand, from (4) we have
Combining (4), (7) and (8), and after straightforward calculations we obtain our result.
From the previous results follows immediately the next corollary. 
Theorem 3.7 The fractional radial function R m ν (ρ) satisfies the following partial differential equation of second order
Proof: Taking into account [6] , the g-Jacobi function P (m,0) ν−m 2 (x) satisfies the following differential equation
On the other hand, from relation (4) we obtain the following equalities
Substituting (10), (11) and (12) into (9) and after straightforward calculations, we get
From the previous theorem follows immediately the following corollary.
Corollary 3.8 The fractional circle Zernike polynomials Z ±m ν (ρ, θ) satisfy the following partial differential equation of second order
Graphical representation of fractional circle Zernike polynomials
The aim of this section is to present some graphical representation for the proposed fractional circle Zernike polynomials. In the literature (see [2] ) we can find the well known correspondences between combinations of integer values of ν and m and some cornea aberrations: From the three stated cases, we verify that the cornea aberration becomes more serious for values of ν far from the corresponding integer value already studied in the bibliography. This fact is supported by the increasing of the maximum value of the figure's scale. The authors believe that, this fact should have a medical interpretation and it could help in the study of each cornea aberration. Moreover, the analysis of the presented figures allows us to induce that this new class of fractional circle polynomials allow the possibility to establish a mathematically graduation (and therefore a exact medical graduation) for each cornea aberration. This fact will give the possibility of the development of new cornea models and accuracy of some medical surgical procedures and techniques used in the constructions of lens. We also remark that similar graphics can be obtained for the other cornea aberrations and for another fractional circle Zernike polynomials with m ∈ N 0 and ν ∈ R + .
